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STEADY-STATE RESPONSE IT4 THE PARATVIE'I'EK PLAhI 
I 

J.3. xioor-e 

Surnmar : T h i s  paper considers  t h e  adjustment o f  parameters i n  + i n e a r  c o n t r o l  systems t o  meet bo th  s t e a d y - s t a t e  and t r a n s i e n t  
response s p e c i f i c a t i o n s .  A g r a p h i c a l  method us ing  parameter 
plane techniques  i s  presented whereby the s t e a d y - s t a t e  e r r o r  
may be minimized while  being cons t ra ined  by t h e  t r a n s i e n t  
response requirements .  
f o r  a s p e c i f i e d  s t eady- s t a t e  response,  t h e  t r a n s i e n t  response 
i s  given i n  evidence as a funct ion  o f  t h r e e  system parameters.  
The procedures a r e  i l l u s t r a t e d  by examples f o r  bo th  continuous 
and sampled-data multi- loop c o n t r o l  systems. 

Another method i s  proposed whereby, 

The problem o f  l i n e a r  c o n t r o l  system design can be i n t e r p r e t e d  as  

t h e  adjustment of  t h e  system parameters t o  meet both s t e a d y - s t a t e  and 

t r a n s i e n t  response requirements.  The 5 i l j a k  parameter p lane  method 1 -3 

g i v e s  i n  evidence the  pole-zero l o c a t i o n s  af a system closed-loop t r a n s -  

f e r  f u n c t i o n  i n  terms o f  two system parameters. I n  t h e  a p p l i c a t i o n  of 

t h e  method, t h e  t r a n s i e n t  response requirements a r e  t r a n s l a t e d  i n t o  

c o n s t r a i n t s  imposed on t h e  pole-zero conf igu ra t ion  of t h e  system 

t r a n s f e r  func t ion .  The s t eady- s t a t e  response on t h e  o t h e r  hand, can 

be s p e c i f i e d  by t h e  e r r o r  cons tan ts .  As shown i n  t h i s  paper ,  t h e  

e r r o r  c o n s t a n t s  

be in t roduced  irR0 the parameter plane.  

a r e  func t ions  o f  aci justabie  system parameters and may 

T h i s  enables  t h e  s t e a d y - s t a t e  

and t r a n s i e n t  response to be considered s imultaneously i n  ik c o n t r o l  

system des ign  

Two g r a p h i c a l  des ign  procedures are  presented .  In  t h e  f i r s t ,  

e r r o r  c o n s t a n t  contours are p l o t t m i  on t h e  parameter plane enabl ing 

t h e  s t e a d y - s t a t e  error t o  be minimized subjecc t o  c o n s t r a i n t s  imposed 

on t h e  system pole-aero loca t ions .  I n  the second i)rocedure, t h e  

t r a n s i e n t  response is s t u d i e d  on the parameter p lane  f o r  a s p e c i f i e d  

e r r o r  c o n s t a n t ,  and is g iven  i n  evidence as a f u n c t i o n  o f  three system 
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I i , 

parameters.  

The parameter plane curves a r e  r e a d i l y  p l o t t e d  u s i n g  a d i g i t a l  

computer, and so  t h e  methods a r e  presented as  a p r a c t i c a l  approach t o  

t h e  des ign  o f  l i n e a r  c o n t r o l  systems. In  t h e  fo l lowing  s e c t i o n s ,  t h e  
-1  _ -  - 

parameter plane approach and t h e  e r r o r  cons tan t  d e f i n i t i o n s  are I _ _ _ ^  ----Ji 

reviewed f o r  r e fe rence ,  t h e  two design procedures are developed, and 

examples i l l u s t r a t i n g  t h e  procedures a r e  d iscussed  f o r  both continuous 

and sampled-data mult i - loop c o n t r o l  systems. 

SUNMARY OF THE PARAMETER PLANE PXTHOD 

The c h a r a c t e r i s t i c  equat ion  considered i n  t h e  des ign  o f  l i n e a r  

cont inuous systems. is 

The complex roots sf equat ion 9 are expressed i n  terms o f  t h e i r  damping 

r a t i o  .c and t h e i r  n a t u r a l  frequency wn 

s = -  '"C t s 

S u b s t i t u t i n g  equat ion 2 

which  may be manipuiatea and 

i n t o  equat ion 9 r e s u l t s  i n  two equat ions  

convenient ly  expressed i n  terms o f  t h e  

Chebpiahev f u n c t i o n s  as fo l lows  

The Chebyshev func t ions  Uk (6) may be c a l c u l a t e d  from t h e  ' r e c u r r 4 c e  
\ 
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where U o ( f )  0 and U,!<) 1. 

The c o e f f i c i e n t s  of t h e  c h a r a c t e r i s t i c  equat ion  a r e  expressed as  

( 5  1 

where bk, Ck, hk,  and dk are func t ions  o f  t h e  f i x e d  parameters of 

a = b k a * C k B  * d k  k 

7' t h e  system and a r e  t h e r e f o r e  of known numerical value,  and a and 

p are  t h e  two system parameters t o  be s e l e c t e d  i n  t h e  design. 

The s u b s t i t u t i o n  of equat ion 5 i n t o  equat ion 3 r e s u l t s  i n  two 

equa t ions  
\\ 

Bq a * C1 @ * H1 UP + Dq 0 

B2 CL + C2 B + H2 * D2 0 (6) 

where 

By s o l v i n g  equat ions  6 f o r  a and B u  t h e  r: and fun curves 

are  p l o t t e d  i n  t h e  as-plane,  

t h e n  determined by i n t e r p o l a t i n g  between t h e s e  curves 

The complex r o o t s  o f  equat ion 1 a r e  

When t h e  r o o t s  of t h e  c h a r a c t e r i s t i c  equat ion a r e  r e a l ,  i .e. ,  
I 
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a =  - a ,  equat ion 

1 m 

k-o 
a C bk(-a) 

-4 - 
1 nay be expressed as 

m m 
k C d k ( - u )  

m 
+ 8 C c ~ ( - u )  +a9 Chk'(-a) + 

k-o k-o k-o 

Constant 0 l i n e s  are r e a d i l y  p lo t t ed  i n  the  parameter plane us ing  

equat ion  8. Therefore,  both r ea l  and complex r o o t s  are given i n  

evidence as f u n c t i o n s  of  a and 8 .  

For sampled-data systems, z-transform theory  is app l i ed  and the 

c h a r a c t e r i s t i c  equat ion  is expressed as follows 

sT where 
z = ' &  p 

T being t h e  sampling period. 

The complex roots of f ( z )  = 0 are expressed i n  terms of t h e  

a-plane damping r a t i o  C, and the  e-plane na ' tural  f requency wz' .  

The r e a l  r o o t s  of f ( z )  are given by 
\\ 

z =  - B z y  

The form of t h e s e  equat ions  is s imilar  t o  t h a t  given f o r  continuous 

systems. 

meter  p lane  i n  terms ~f c and wTP f o r  ic sampied-data system by making 

the fo l lowing  s u b s t i t u t i o n s  der ived from equat ions  2, IO, 41 and 12. 

Equat ions  6 ,  7 ,  and 8 may t h e r e f o r e  be used t o  map t h e  para- 

exp(-wh 5 ?SI f o r  ftln 

e x p b  T I  f o r  CF 

The o n l y  po r t ion  of the s-plane considered is t h e  primary s t r i p ;  i .e,,  
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ERROR CONSTANTS 

The symbol Ke w i l l  be used t o  r ep resen t  e i t h e r  t h e  p o s i t i o n  

t h e  v e l o c i t y  e r r o r  cons t an t  E;v, o r  t h e  a c c e l e r a t i o n  

The e r r o r  cons t an t s  are def ined  f o r  t h e  continuous system 
xP’ e r r o r  constant  

cons t an t  K,. 

and sampled-data system as fol lows.  

For Continuous Systems For Sampled-Data Systems 

( K p  = l i m S _ , o  G ( d  K = limz_,, G ( 4  

K, = lim, - 0  s2 G ( s )  = l i m  2 -1 0 4  G ( Z ) / T ~  (14)  

P 
K, = l ims_*o  s G ( s )  K = l i m  (1-4 GW/T z-91 

where @ ( s )  and G(z )  a r e  the system open-loop t r a n s f e r  func t ions ,  

The s t e a d y - s t a t e  e r r o r s  f o r  a u n i t  s t e p  func t ion ,  ramp o r  pa rabo l i c  

i npu t  t o  t h e  system are g iven  by l / { l  + K p ) #  I/K,, l / K a D  r e s p e c t i v e l y ,  

The next s e c t i o n  cons iders  tne minimization of  a system steady-  

s ta te  e r r o r  s u b j e c t  t o  t h e  t r a n s i e n t  response s p e c i f i c a t i o n s .  The 

a n a l y t i c a l  rnaximizatiGn of Ice s u b j e c t  t o  r e l a t i v e  s t a b i l i t y  c o n s t r a i n t s  

is considered and r;herb t h e  g r a p h i c a l  maximization o f  on the para- 

meter plane s u b j e c t  t o  t h e  t r a n s i e n t  response s p e c i f i c a t i o n s  i s  i n t r o -  

duced and illustratea by‘ examples, 

K, 

i~lI”INI2kTION OF STEADY-STATE ERROR ON THE: UCI-PLANE 

Consider t h e  arroir cons tan t  K,, expressed as a f u n c t i o n  o f  t h e  

t w o  system parameters 01 and 

K e = K e ( a , B )  (75) 

The s o l u t i o n s  of t h e  simultaneous equations 

which sat isfy the condition8 e 

< 

. 
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a r e  t h e  maxima values  of Ke on t h e  a8-plane, The a b s o l u t e  maximum 

Ke i s  t h e r e f o r e  r e a d i l y  determined, However, t h e  t r a n s i e n t  response 

a s soc ia t ed  w i t h  t h i s  value of  Ke is u s u a l l y  no t  acceptab le .  To ensure 

a more acceptab le  t r a n s i e n t  response, r e l a t i v e  s t a b i l i t y  c o n s t r a i n t s  may 

be included i n t o  t h e  a n a l y t i c a l  d e r i v a t i o n  as fol lows.  

Consider t h e  maximization of  Ke s u b j e c t  t o  t h e  c o n s t r a i n t s  t h a t  

a l l  t h e  r o o t s  of t h e  c h a r a c t e r i s t i c  equat ion  have damping r a t i o s  C 
g r e a t e r  t han  or equal  t o  the  prescr ibed  value 

region of i n t e r e s t  i n  the aB-plane i s  t h e r e f o r e  bounded by t h e  

curve. If t h e  m a x i m u m  Xe f o r  t h i s  reg ion  occur s  i n s i d e  t h e  boundary, 

t hen  i t s  va lue  nay be determined from equat ions  I6 and 17, 

Ke f o r  t h e  r eg ion  does not occur  i n s i d e  t h e  boundary, t h e n  it occur s  on 

Che boundary ieself  and i t s  value may be c a l c u l a t e d  f r o n  t h e  following 

c0; i . e* ,  5 2 C o .  The 

< =  Co 

If t h e  m a x i m u m  

equat ion  

6ci a e  The p a r t i a l  a e r i v a t i v e s  - and - may be odeainec a ‘Pn a C V ~  

and t h e  cond i t ion  a 2 K -  
(2) d o  Y 2 <=So 

rA b f9.I 

from equat ions  4 

and ’? i n  a s t r a igh t fo rward  manner, but t h e  c a l c u l a t i o n  of t h e  m a x i m a  

v a l u e s  of K, 

e q u a t i o n  i n  W I ~  must be found and examined. 

may become tedious as the roots o f  a high degree a l g e b r a i c  

a r e  no% sufficient t o  ensure  an  accep tab le  4 The c o n s t r a i n t s  C -  6, 

t r a n s i e n t  responseo but  $0 include f u r t h e r  c o n s t r a i n t s  a n a l y t i c a l l y  

would be d i f f i c u l t .  U s i n g  the parameter p l anep  however, t h e  problem o f  



-‘djusting t h e  system parameters t o  g ive  t h e  b e s t  compromise between 

s t e a d y - s t a t e  and t r a n s i e n t  response may be attempted by p l o t t i n g  contours  

of constant  K, on t h e  a8-plane. The curves  are  i n t e r p r e t e d  as i n  t h e  

fo l lowing  examples, 

* .  

I 

Consider t h e  system of Fig, 7 where 

2 e = K  s .  -2 -2 0 

The system c h a r a c t e r i s t i c  equat ion is 

, s4+ (a+I )s3 + (O,2a+ p.+ 1 .16)s2 + (0.28 + V + 0.2)s + & = O (1  9 )  
l 

where a =  X2K-2 and p = K 2 X , l  and Y = K1K2. 

The e r r o r  cons tan t  K, can be expressed as 

Fig.  2 g i v e s  che pwarneter plane curves f o r  t h e  cond i t ion  8 - 2 0 .  By 

p l o t t i n g  jusc few f l i r ies ,  ‘the region of  i n t e r e s t  in t h e  ag-plane 

is e v i d e n t .  It i s  seen t h a t  perhaps t n e  bes’t compromise between t h e  

s teady-state  and t h e  transient response f o r  a s p e c i f i e d  

t h e  p o i n t  of  rnaximw, 

f” = 0 . 5 ;  M2 f o r  
“0 

c h a r a c t e r i s t i c  r o o t s  a r e  convenient ly  loca t ed  (e.g., M 

I n  a system des ign ,  t h e  t r a n s i e n t  response may be c a l c u l a t e d  a t  

I 
l 

i s  not  a t  
50 

given by a n a l y t i c a l  nethoas ( e u g r p  M I  for i(v 
l co = O J ) 3  . out i n  t h e  r eg ion  where t h e  r e a l  axis 

for <,=0.3) 3 

p o i n t s  o f  i n t e r e s t  i n  t h e  parameter plane. 

i s t i c  equa t ion  f o r  t h e s e  points may be found approximately by i n t e r p o i a -  

t i o n  from t h e  parametier plane or, more a c c u r a t e l y ,  by an  i t e r a t i v e  method. 

In t h e  example, the c h a r a c t e r i s t i c  equa t ion  roots MI, M2# M3 

as fo l lows ,  

The roots of the  cha rac t e r -  

are given 
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*1 M3 
C, = 0.5 c1 = 0.3 6, = 0.3 

wn = 2.25 

6, = 0.69 
1 

'U = 1 .99 
n2 

wn = 2.25 
1 

c2 = 0.86 

w = 1.98 
"2 

For t h e  r eg ions  M1 and M2# t h e  two p a i r s  of complex poles  a r e  now 

given e x p l i c i t l y ,  and it is seen t h a t  f o r  t h e  r e g i o n s  MI and M2 

t h e  t r a n s i e n t  response i s  unacceptable.  The response f o r  t h e  r eg ion  

M I  
compromise achieved. Fur ther ,  t h e  are-plane curves may be r e p l o t t e d  f o r  

d i f f e r e n t  s p e c i f i e d  parameters i n  o rde r  t o  explore  t h e  p o s s i b i l i t i e s  o f  

may be calcula ' ted us ing  Laplace t ransform methods and a des ign  

a n  improved design.  Usually,  when a time cons tan t  i s  considered as t h e  

one parameter a, and a g a i n  as the o t h e r  parameter B r  are-product terms 

appear  i n  t h e  c h a r a c t e r i s e i c  equat ion and t h e  r e s u l t s  of r e f e r e n c e  2 

a r e  used t o  p l o t  t h e  parameter plane. 

Consider as a second example t h e  sampled-data system given  i n  
3 Fig. 3 where t h e  sampling per iod T i s  one second and 

-T S 
G, ( s )  = - e? Y 

S 

t h e  z- t ransforms of  i n t e r e s t  a r e  
0.14.2z+0.186 

K4 (2-1 ) ( 2  - 0.02) G 3 2 , ( z )  = 
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I - The ' c h a r a c t e r i s t i c  equat ion may be w r i t t e n  as follows. 

f ( z )  = z 4 +  (0.189rx- Z ) 2 3 +  (-0.237u+ 0.0926 + 1 .11+.)z2 

where a -  K4K-1 and p = K 2 K 4 .  

The e r r o r  cons t an t  K, is given from t h e  d e f i n i t i o n  15 as 

1.76313 
Kv 1 + 0 . 1 9 ~  

c 

The maximum 

Fig. 4. 

Kv occurs  a t  t h e  po in t  M i n  Fig. 4 ( i . e .  , \ =  2.7) . It is  t o  be 

noted t h a t  t h e  s t eady- s t a t e  e r r o r s  a r e  given oniy a t  t n e  sampling i n s t a n t s .  

K, f o r  a s p e c i f i e d  settling time is  g iven  i n  evidence i n  

For a s e t t l i n g  t ime w n C = O . l ;  i.e., cu,-0.905, t h e  maximum 

The parameter plane i n  t h e s e  examples may be p l o t t e d  wi th  t h e  e r r o r  

I cons tan t  as one of t h e  axis .  A11 t h a t  i s  requi red  i s  t h a t  t h e  equat ion  I 

I f o r  

va r ious  parameter plane curveso 

l i m i t e d  t o  t h e  damping r a t i o  ( C )  and t h e  s e t t l i n g  t ime ( w n C )  contours as 

i l l u s t r a t e d  i n  t h e  above examples, but any convenient contour  may be 

p l o t t e d  and. t h e r e f o r e .  yther s t a b i l i t y  c o n s t r a i n t s  may be considered i n  

a system d e s i g n ,  

Kv be incorpora ted  into t h e  computer program which c a l c u l a t e s  t h e  

The parameter plane method is  no t  

The e r r o r  constanr;  f o r  a sys~en i  may be s p e c i f i e d ,  i n  which case  the  

t r a n s i e n t  response may be inves t iga t ed  t is  a r"unction; of and a 

I t n i r d  parameter Y on a s i n g l e  parameter plane diagram. Th i s  c s s e  is  

now considered e 

I 

THREE-PARAMETER PROBLEM 

If t h e  e r r o r  c o n s t a n t  Ke i s  s p e c i f i e d ,  t h e  p x a m e t e r  piane method 

may be extended t o  s ~ u d y  t h e  c h a r a c t e r i s t i c  equat ion  r o o t  locacfons as  a 

f u n c t i o n  of t h r e e  parameters,  

a and 0 may be s t u d i e d  on the a8-plane, and f o r  each poin t  a t h i r d  

I 

I The e f f e c t  of a d j u s t i n g  t h e  two parameters 
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* pr.5ameter 8 i s  then  g iven  as a known f u n c t i o n  o f  a,  9 ,  and Ke. An 

example from t h e  preceeding s e c t i o n  i s  used t o  i l l u s t r a t e  t h e  des ign  

procedure. For t h e  system o f  Fig. 1 ,  i f  X, is s p e c i f i e d ,  t h e  cha rac t e r -  

i s t i c  equat ion may be expressed i n  terms of a and B by e l imina t ing  

t h e  t h i r d  parameter 8 from equat ions 19 and 20. For K v =  10, = 2 ( 1 + 8 )  

and 
s +  ( a + l ) s +  ( 0 . 2 a + B + I . l 6 ) s +  (2.20+2.2)s+ ( 2 ~ + 2 ) = 0  ( 2 3 )  

From t h e  parameter plane p l o t  o f  equat ion 23 i n  Fig.  5 )  it is  seen t h a t  

a and 9 may be s e l e c t e d  t o  g ive  a good t r a n s i e n t  response and 8 may 

, t h e n  be c a l c u l a t e d  f o r  t r i a l  p o i n t s  and the  system designed (e.g., f o r  

K, 5=0 .5 ,  ~ ~ = 2 . 5 ~  u = 7.5, n2=2.9), T n i s  approach t o  t h e  simultaneous 

cons ide ra t ion  o f  s t eady- s t a t e  and t r a n s i e n t  response enables  t h e  des igne r  

t o  examine r e a d i l y  t h e  e f f e c t i v e n e s s  o f  var ious  compensating networks, 

1 

All that i s  requi red  i s  t h e  i n t e r p r e t a t i o n  of  a;he parameter plane diagrams 

corresponding to each proposed system. 

CONCEUS IONS 

It has been shorn t h a t  t h e  s t eady- s t a t e  and t r a n s i e n t  response may 

be Considered s imultaneously i n  a l i n e a r  c o n t r o l  system design us ing  t h e  

parameter p lane .  Two procedures were developed and i l l u s t r a t e d  by 

examples of both continuous and sampled-data muit i - loop c o n t r o l  systems, 

I n  t h e  f i r s t  procedure, t he  s t eady- s t a t e  error  w&s  minimized s u b j e c t  t o  

t h e  'trar,si.ent response requirements;  while iri t h e  second procedure,  t h e  

e f f e c t s  of" chree system parameters on t h e  t r a n s i e n t  response were g iven  

i n  evidence f o r  a s p e c i f i e d  e r r o r  cons t an t ,  

The scope of t h e  problem discussed i n  t h i s  paper i s  bu t  one a spec t  

of t h e  more g e n e r a l  problem of in t roducing  s p e c i f i c a t i o n s  and c o n s t r a i n t s  

i n t o  t h e  a n a l y t i c a l  OT g r a p h i c a l  design procedures i n  o r d e r  t o  g ive  i n  

evidence more r e l e v a n t  iMorrnation f o r  t h e  system design.  The work o f  

t h i s  - -  paper  may be extended t o  include more d i r e c t l y  the t r a n s i e n t  
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re'sponse s p e c i f i c a t i o n s  i n t o  tne des ign  procedures such that t h e  e f f e c t  
8 .  - 

of more system parameters may be considered. 
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CAPTTONS 

Fig.  1 System Block Diagram 

Fig.  2 Maximization of t h e  E r ro r  Constant 

Fig. 3 System Block Diagram 

Fig. 4 Maximization of in a Sampled-Data System 

Fig. 5 Parameter Plane Diagram for a S p e c i f i e d  Ky. 
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